To respond correctly to its function in a mechanism, a mechanical part should have a good dimensional and geometric quality. In three-dimensional measurement, the preferred tool of control is currently the coordinate measuring machine CMM, the evaluation of flatness defect of a part is a very common task in this area, and the decisions made based on the measurement result may be outliers when the uncertainty of measurement result is not taken into account. The evaluation of uncertainty is a delicate task in this area given the diversity of parameters that relies in. The number of points collected on the surface is one of the influencing factors. The choice of this parameter is left to the operator, and the value taken by this parameter affects both the estimated flatness and the associated uncertainty. In this paper we present the effect of a number of points collected during the inspection of a surface on the estimated flatness and the associated uncertainty. A new identification method is presented here. The flatness deviation uncertainty is quantified by applying the law of propagation of uncertainties. The treated data sets are the result of experimental measurements performed on a CMM by measuring an industrial part.
Introduction
The flatness control of a mechanical part is a very common task in mechanical engineering. The Coordinate measuring machine (CMM) is the control tool used in the field. These machines have a simple principle. That is to say, a sensor mounted at the end of three mechanical guiding systems can probe the points belonging to the geometric element to control; software processing of the data sets to estimate the flatness default of this element. The decisions made from the measurement result may be outliers when the associated uncertainty to the measurement result is not taken into account.
The evaluation of uncertainty on a CMM is a delicate task given the diversity of parameters that relies in. The number of points collected on a flat surface is one of the influencing factors. The choice of this parameter is left at the initiative of the operator, and the value taken by this parameter greatly affects the estimated flatness and the associated uncertainty.
Many studies have been interested in this field of research. For instance, Bourdet [1] , Mathieu et al. [2] proposed a method based on the hypothesis of small Correspondence: jalid.abdel@gmail.com displacements torsor to estimate the flatness deviation, Carr et al. [3] , who estimate the minimum zone solution of a non-linear optimization problem, proposed an algorithm to solve a sequence of linear programs that converge to the solution of the nonlinear problem. Kanada et al. [4] presented nonlinear optimization techniques for minimum zone flatness. The techniques namely used the downhill simplex method and the repetitive bracketing method. The result obtained is compared to the leastsquares method.
Raghunandan et al. presented in [5] the influence of surface quality (i.e. surface roughness) in determining the sampling strategy for accurate determination of flatness error. Moreover, in [6] the authors seek the optimum sample size. Huang presented in [7] a method that solves the straightness and flatness during the construction of the convex hull, which is a tedious job when the number of points is large, and proposes to reduce this number. Gapinski presented in [8] the effect of the sample size on the parameters of the associated feature with applying different criteria and offers a minimum number of points to choose the deviation form. Samuel and Shunmugam [9] developed algorithms based on computational geometric techniques for minimum zone and function-oriented evaluation of straightness and flatness.
Article published by EDP Sciences The studies presented assume that the coordinates of the probed points are not affected with error. This is not the case on a CMM since these studies are limited to the estimation of flatness error without providing the associated uncertainty. They are not in conformity with the requirement of the normative guidelines [10] .
In this paper, we propose a new method to estimate the form error and the associated uncertainty that caused by the measuring process, and analyze the effect of sample size to determine the optimum value which meets the requirement of measurement uncertainty. Finally an experimental study dealing with the inspection of flatness on a Coordinate Measuring Machine is proposed.
Flatness error in Norm
In the ISO 1101 [11] standard, flatness is defined as the minimum distance between two parallel planes P 1 and P 2 containing all data points (Fig. 1) .
The ISO 6318 provides two criteria to evaluate the flatness error, The Least squares criterion (LSC) and the Minimum zone criterion (MZC). The least square criterion is widely used in the industry for assessing the dimensions and geometric tolerances. It is simple to compute, easy to implement in computer processing, and provides unique solutions.
The estimated value of flatness depends on the number and position of the selected points on the part. The choice of sampling strategy is left to operator, the sample size and location of taken points affects both the estimated flatness and the associated uncertainty.
Problem modeling

Parameters of a plane in 3D
P is a plane, the normal unit vector n (n x , n y , n z )
T , and A is a point belonging to a plane. The set of points
T belonging to the plane P as shown in Figure 2 verifies: AM · n = 0. This results in: a standard deviation. The proposed method used to estimate the parameters has led us to treat a linear optimization problem with stochastic variables; this approach is shown in Figure 3 .
This figure shows the inputs and outputs of the studied models. Model 1 estimated from the collected cloud points, the parameters of the substitute feature, and the associated uncertainties. The method used is based on the orthogonal distance regression and will be presented in Section 3.2. A more detailed study shows the development of the model for different geometries (see Jalid et al. [12] ). The second model allows us to estimate the flatness error and the associated uncertainty from the parameters and their uncertainties.
Estimation of parameters by orthogonal distance regression (Model 1)
In dimensional metrology and particularly on a CMM, it is assumed that all variables x i and y i are respectively assigned with error δ ∈ R 1 and ε ∈ R 1 . The representative model is written as follows:
The problem is to find the parameters β that minimize the sum of squared distances orthogonal to the measured points and the theoretical model as shown in Figure 4 .
With r i distance is from the measured point P i (x i , y i ) to the desired model. The coordinate's points are random, assumed and distributed according to a normal distribution with standard deviation σ i . Moreover,
is a weighting introduced to compensate the case where the measurement accuracy is not the same for all points.
Generalized to the case of several explanatory variables, x i ∈ R m , with m = 3, has several functions and modeled output f i : R p+m → R q , with p as the number of parameters β and q as the number of functions f . The problem to solve is then expressed by the following equation:
with constraints: The solution of the problem is iteratively found using a trust region Levenberg-Marquardt method; see Levenberg [13] , Marquard [14] and Nocedal [15] . The Jacobian matrices, i.e., the matrices of first partial derivatives of
. . , q , and i = 1, . . . , n with respect to each component of β and δ, are computed at every iteration by either finite differences. The parameters' uncertainties are then expressed from the variances of parameters β. The algorithm of this method is implemented in ODRPACK, Boggs et al. [16, 17] After convergence one notes by G(η) the vector of the residues, where the ith element is defined by the following:
The matrix of variance covariance of the estimated parameters is given by the equation below: where Ω is the diagonal weighting matrix given by the following:
The matrix of the variances and covariances is finally expressed in the formV
withV β the most useful matrix in practice, this matrix is of order (p, p) whose diagonal terms represent the variances of the parameters β, and the non-diagonal terms represent covariances between the parameters.
Propagation of the uncertainties (Model 2)
The substitute feature is characterized by a point A and the normal vector n, as shown in Figure 5 . Let M be the farthest point from the plane in the direction n, and m the farthest point of the plane in the opposite direction. We can estimate the flatness error from the expression below: To determine the flatness error uncertainty, we used the law of propagation of uncertainties described in the GUM [10] . This law is based on a Taylor expansion of the function Y = f (X) in the first order, the variance of the output Y is expressed by the following formula:
This law can be written in the following condensed form:
with J Jacobian matrix, Ω represents the variancecovariance matrix of the parameters. The input and the output of the studied model are given in Figure 6 .
The uncertainty of the flatness default is expressed by: V (f e) = J . Ω . J T ; and the Jacobian matrix is as follows: The variance-covariance matrix associated to each points m and M is given by the following formula:
Measured plane
[M i ] = ⎛ ⎝ var(x i ) 0 0 0 var(y i ) 0 0 0 v ar(z i ) ⎞ ⎠
Experimental study
This experimental study aims to show the effect of the number points on the flatness error and the associated uncertainties. On a coordinate measuring machine (see An industrial part was measured on the machine as shown in Figure 8 . We collected from a plane feature 56 points. The coordinates of measured points are relatively given to the local placemark (O, X, Y , Z) related to the measured part, see Figure 9 . From this cloud of points, we constructed samples of 8, 12, 16, 24, 32, 36, 40, 48, 52 and 56 points, distributed over the surface.
Effect of sample size on flatness and the associated uncertainty
For each sample points, Model 1 and Model 2 are applied to estimate the flatness error and the associated uncertainty. The results found are given in Table 1 . These results may be plotted on graphs as shown in Figures 10 and 11 . 
Analysis of results
In Figure 11 above, we can see that the number of points affects the flatness error. When this number increases, the flatness defect slightly increases and stabilizes thereafter at a value that seems to be the most probable. However, in Figure 12 when this number increases, the flatness defect uncertainty decreases slightly to stabilize asymptotically, in our study it stabilizes between 3.6 and 3.7 microns. This reduction is in agreement with equation (4) that gives the residual variance, which is inversely proportional to the number of points n.
Conclusion
The present study shows the influence of the number of points collected on a plane surface on the flatness deviation and the associated uncertainty. This number must be selected correctly; the sample size must give a good representation of the surface while respecting the constraint on the measurement time. The reduction in time reduces the control cost. In this study we have shown the influence of the sample size on flatness and the associated uncertainty. The results found can be summarized as follows:
− The more we increase the number of points, the representation of the measured element is better. − The number of points increases slightly the flatness error which converges to a value that seems to be most probable.
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International Journal of Metrology and Quality Engineering − The number of points reduces the flatness uncertainty, and therefore a reduced number of points overestimates the uncertainty which may lead to an erroneous conformity decision. − The choice of the sample size must be optimal; this number must strike a compromise between the desired accuracy and time measurement. In our case, this number is about 16 points.
To meet the normative guidelines, [10] requires that each measure must be provided with its uncertainty. This study contributes to assess the uncertainty measurement and demonstrates the impact of the sample size taken on the feature of part on the flatness error and the associated uncertainty.
